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Abstract—This paper proposes an off-line formulation for tube
model predictive control (TMPC) with linear matrix inequalities
(LMI). The approach involves an off-line set of states. The
proposed off-line tube MPC is applied to the three-state switching
cell (3SSC) boost converter. A comparison is made between the
online and off-line performance of the algorithm. The results
showed that the off-line implementation of the tube MPC is
possible, and the method is simple, with a very low computational
cost, and effective even in the presence of disturbances.

Keywords – Tube MPC, boost converter, time-varying,
LMI.

I. INTRODUCTION

DC-DC converters are widely used in power supply systems,
they are considered the most efficient way to implement
actuators for electromechanical systems, especially in power
electronics structures [1]. The purpose of DC-DC converters
is to provide an output DC voltage even when subjected to
load or input voltage variations [2].

A DC-DC boost converter has the ability to raise a given
DC voltage. It has a simplified topology but presents some
singularities in its modeling, such as the variations of load
resistance, input voltage and the effects of the non-minimum
phase as presented in [3], [4], [5], [6]. Performing the control
of these converters is considered a complicated task because
the model is non-minimum phase [7], [8].

The model predictive control (MPC) proved to be a very
robust control type in most applications, such as in static
converters and in electric drive devices. The main causes of
this control are that it can be applied either to linear or non-
linear multivariate [9], [10], [8], [6].

The MPC is an established method that is well-suited for
the control of systems under hard state and input constraints
[11]. Its main drawback is the comparatively high online
computational effort involved with the evaluation of the control
law, as it requires the solution of finite horizon optimal control
problems [12]. There are some classifications for MPC: Robust
MPC (RMPC) and Tube MPC (TMPC). TMPC is repetitive

online utilization of related tube optimal control. But, all
RMPC methods result in tubes.

The use of MPC to solve uncertain linear systems have
been widely studied in the last decade. Initially proposed by
[13] and consolidated by [9], the Robust MPC with Linear
Matrix Inequalities (LMIs) approach remains an interesting
control technique due to the advantage of guaranteed robust
performance, asymptotic stability using Lyapunov function
and design tunning through the weighting matrices [14], [15],
[16], [17], [18], [19], [20], [21], [22].

On the other hand, the TMPC try to keep the optimal
control problems tractable, where the predicted sets are usually
over approximated and parametrized by finite dimensional
parameters [23], [12]. Recently Tube MPC approach has been
extended to nonlinear systems [24], [25], [26], [27].

Most MPC techniques consist of online processes. But, for
the implementation of the control in a microcontroller the ideal
is to obtain a static gain, that is, constant. However, it ensures
the robustness and stability of the system as already discussed
in [6], [22].

Thus, this work used the concept of stability ellipsoids,
defining a set of points fixed in the ellipsoid, as proposed in
[15] and [16]. Using the TMPC technique proposed in [28], we
have proposed an off-line formulation for the quasi-min-max
algorithm based on the tube MPC technique. The proposed
formulation is applied to the three-state switching cell (3SSC)
boost converter with time-varying parameters disturbance [8].
The time-varying parameters of the converter considered are
the load resistance and input voltage.

Therefore, the paper is organized as follows. First, in Sec-
tion II, the mathematical modeling of the boost converter and
the control strategy is presented. In Section III, the problem
is stated and some basic concepts concerning tube MPC are
recalled. In Section IV, the numerical example is presented
with a comparative analysis between the online and off-line
tube MPC. Finally, in Section V, we discuss the conclusions
of the study.



Notation. The symbol * is used in some matrix expressions
to induce a symmetric structure. For example:[

Q ∗
S P

]
=

[
Q ST

S P

]
.

The symbol ‖ is used to indicate parallel association of
resistors. For example:

R1‖R2 = (R1R2)/(R2 +R1)

II. BOOST CONVERTER

Fig. 1 shows the boost converter used [29], [30], [8], [22].

Fig. 1. Boost converter with three-state switching cell.

The parameters used for the converter can be seen in table
1, the same ones used in [31].

TABLE I
BOOST CONVERTER PARAMETERS

Parameters Values
Input Voltage (Vg) 26-36[V]

Output Voltage (Vo) 48[V]
Duty Cycle (Dcycle) 0.25-0.46

Frequency (fs) 22[kHz]
Inductor (L) 36[ µH]

Inductive Resistance (RL) 0 [Ω]
Capacitor (Co) 4400[ µF ]

Resistance (Rco) 26.7[ mΩ]
Resistance (Ro) 2.304-6.06 [ Ω]

Output power (Pot) 380-1000[W]

A. Mathematical modeling

The expressions in the state space At, Bt, Ct and Dt

operating in Continuous Conduction Mode (CCM) [32] are:

ẋ = At(t)x+Bt(t)u,
y = Ct(t)x+Dt(t)u,

(1)

where,

At =

[
− (1−Dcycle)(Rco‖Ro)

L − (1−Dcycle)Ro

L(Rco+Ro)
(1−Dcycle)Ro

Co(Rco+Ro) − 1
Co(Rco+Ro)

]
, (2)

Bt =
Vg
R′

[
Ro

L
(1−Dcycle)Ro+Rco

Ro+Rco

− Ro

Ro+Rco

]
, (3)

Ct =
[

(1−Dcycle)(Rco‖Ro) Ro

Rco+Ro

]
, (4)

Dt = −Vg
Rco‖Ro

R′
. (5)

such that R′ = (1−Dcycle)
2Ro+Dcycle(1−Dcycle)(Rco‖Ro),

x = [iL Vc]
T where iL is the inductor current, Vc is capacitor

voltage, u is the control signal, Dcycle is the duty cycle and
y = Vo, Vo is the the output voltage.

The uncertainties of the model can be defined by [6], [8]:

Ro = f(Pot) =
V 2
o

Pot
Pot ∈ [380 1000], (6)

Dcycle = f(Vg) = 1− Vg
Vo

Vg ∈ [26 36]. (7)

B. Control strategy

In order to facilitate the analysis, At, Bt, Ct, and Dt are
discretized and represented by A, B, C, and D.

In Fig. 2, g, h are the matrices that correspond to the degree
freedom of the integral action block diagram. Ki and K are
respectively the integral action gain and MPC controller gain.
ref is the input reference of the system, y is the output of
the system. The expressions of the model based on the block
diagram are given by,

Fig. 2. Block diagram of controller with integral action.

Ai =

[
Ai 0
−hCi g

]
, (8)

Bi =

[
Bi

−hDi

]
, (9)

Ci =
[
Ci 0

]
, (10)

whose closed-loop expressions are given by,

Ā =

[
Ai −BiK BiKI

−h(Ci −DiK) g − hDiKI

]
, (11)

B̄ =

[
0
h

]
, (12)

C̄ =
[

(Ci −DiK) DiKI

]
, (13)

D̄ = 0. (14)

where Ā, B̄, C̄ and D̄ are the closed-loop matrices whose state
is defined by,

x̂ =

[
x(k)
v(k)

]
, (15)

where v(k) is the integral action.



A discrete-time model can be obtained using Euler approxi-
mation with a sample time Ts to allow a digital implemantation
of the overral scheme: iL(k + 1)

Vc(k + 1)
v(k + 1)

 = (I + TsA)

 iL(k)
Vc(k)
v(k)

+ TsBu(k),

.

y(k) = C

 iL(k)
Vc(k)
v(k)


(16)

III. TUBE MPC
The idea of Tube MPC is motivated by robustness consider-

ations for system dynamics affected by bounded disturbances.
Instead of considering each possible disturbance sequence
separately in the prediction (an intractable task), the effect of
the bounded disturbances is over-approximated by a sequence
of sets which contain all possible state trajectories [12], [28].

The formulation of the tube MPC used are given by the
following inequalities, as proposed in [28], [33], [34],

max A (k + i) B (k + i)
∈Ω, i≥0

J∞ (k) ≤

≤ V (k + i|k) ≤ γ(k) (17)


Q(k) ∗ ∗ ∗

AiQ(k) + BiY (k) Q(k) ∗ ∗
Ψ1/2Q(k) 0 γ(k)I ∗
R1/2Y (k) 0 0 γ(k)I

 ≥ 0, i = 1, ..., L

(18)
1 ∗ ∗ ∗

A(k)z(k) + B(k)uz(k) Q(k) ∗ ∗
Ψ1/2z(k) 0 γ(k)I ∗
R1/2uz(k) 0 0 γ(k)I

 ≥ 0,

(19)[
Xrr Y (k)
Y T (k) Q(k)

]
≥ 0, Xrr ≤ u2

r,max, r = 1, 2, . . . , nu

(20)
The difference of this technique to some existing in the

literature, is that it assumes a nominal state given by,

z(k + 1) = A(k)z(k) +B(k)uz(k). (21)

It is noted that the nominal trajectory, the center of the
tube, is not a single one. The center trajectory itself is a tube,
comprising of infinite possible trajectories, each corresponding
to a particular realization. The Fig. 3 illustrate the state
evolution, which the solid line is a trajectory of tube center
corresponding to a particular realization [A(k)|B(k)] k ≥ 0,
and the grey area is the disturbance invariant tube along a
particular tube center [28].

Fig. 3. Illustration of state evolution.

A. Off-line implementation

To implement the algorithm for tube MPC, do the following:
for an off-line system, given an initial condition z0 with N ,
a sequence of minimizers is generated γk, Qk, Uk, Yk. Do
k := 1,

1. compute the minimizers γk, Qk, Uk, Yk. Save Q−1
k , Kk

and Yk in a look-up table.
2. if k < N choose state zk+1 satisfying ‖zk+1‖2Q−1 ≤ 1.

Do k := k + 1 and return to step 1.
Drawing the Look-up table: given an initial condition
‖z(0)‖2Q−1 , take the state z(k) for the respective time k.
Draw the search around Q−1 in the look-up table to find
the highest index k (or equivalent, the smallest ellipsoid
ε = {z ∈ Rnx |z̄TQ−1z̄ ≤ 1}) so that ‖z̄(k)‖2Q−1 ≤ 1.
[16], [6]

3. calculate K = YkQ
−1
k .

IV. NUMERICAL EXAMPLE

In order to test and compare the effectiveness of the im-
proved off-line tube MPC technique, we used boost convert
model described in section II. The circuit implementation
considered non-linear continuous modeling using the Runge
Kutta 4th order method. The initial states of the system (1)
is assumed as x = [38.4615 26]T . The set reference voltage
was Vo = 48V . The maximum value of the control signal
was umax = 0.5 and the operating points of the converter is
380W − 1000W for sample time Ts = 1ms and simulation
step of the 1µs, we used g = h = 1. Thus, the system (1)
belongs to the following polytope formed by the four local
discrete models,

- f(36V, 1000W )

A1 =

[
−0.2838 −7.7479
0.0634 −0.1137

]
, B1 =

[
580.4780
65.2800

]
,

C1 =
[

0.0198 0.9886
]
, D1 = −0.7304.

(22)
- f(26V, 1000W )

A2 =

[
0.0958 −8.4507
0.0692 0.2660

]
, B2 =

[
851.9920
53.4470

]
,

C2 =
[

0.0143 0.9886
]
, D2 = −1.0054.

(23)

- f(36V, 380W )



A3 =

[
−0.3102 −7.9646
0.0652 −0.1119

]
, B3 =

[
542.7340
68.8140

]
,

C3 =
[

0.0199 0.9956
]
, D3 = −0.2802.

(24)
- f(26V, 380W )

A4 =

[
0.0759 −8.7329
0.0715 0.02873

]
, B4 =

[
814.2740
58.5880

]
,

C4 =
[

0.0144 0.9956
]
, D4 = −0.3871.

(25)

The weighting matrices are

Ψ =

 1 0 0
0 1 0
0 0 1

 , and R = 0.1. (26)

A step variation of the input voltage of 26V − 36V was
made, at the time of 0.05s and 0.1s, whose analysis interval
was between 0s and 0.2s, as shown in the Figure 4.

The Figures 6 and 5 show the variation of the load (Ro)
and power (Pot) applied in the system simulation. White noise
was added to the time-varying parameters to see the controller
performance in the presence of noise or disturbance.
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Fig. 4. Variation of the input voltage Vg with disturbances
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Fig. 5. Variation of the Power Pot with disturbances

The MPC gains F for both online (Fon) and off-line (Foff )
algorithm are obtained as

Fon = [0.000123 − 0.007411︸ ︷︷ ︸
K

−0.001032︸ ︷︷ ︸
Ki

]

Foff = [0.000030 − 0.003829︸ ︷︷ ︸
K

−0.001487︸ ︷︷ ︸
Ki

].
(27)

The gain obtained in the online MPC proposed by [28],
(Fon) is not static, i.e., the gain varies with each iteration.
Thus, Fon is the gain obtained in the second iteration of the
online algorithm. Making N = 20 we have the gain Foff .
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Fig. 6. Variation of the Load Ro with disturbances

In Fig. 7 is shown the stabilization ellipsoids defined by Q
for k = 20. Q assumes ellipsoidal behavior in the geometric
plane and its robust stability is guaranteed with the set z in
the steady-state.

−0.4 −0.3 −0.2 −0.1 0 0.1 0.2 0.3 0.4
−2

−1

0

1

2

i
L

V
c

Q(k)

Fig. 7. Stability Ellipsoid Q(k)

Fig. 8 shows the optimal state z(k). It consist in the
impulse response defined by z∗ = [ 48.0000 -3.5590 -
25.0756 12.5534 8.5864 -10.5746 -0.2914 5.9782 -2.3616 -
2.3134 2.2840 0.3170 -1.3984 0.4147 0.5993 -0.4825 -0.1282
0.3213 -0.0646 -0.1506 0.0993]. The impulse response of the
boost converter consists of a worst-case condition because its
oscillatory characteristic requires more effort from the LMI
optimization process so stabilization. However, the optimiza-
tion process off-line MPC guarantees the stabilization.

−50

0

50 0
0.005

0.01
0.015

0.0226

28

30

 

 

i L

V
c

Time (s)

z*(k)

Q

Fig. 8. Stability Ellipsoid and z*(k)

Fig. 9 shows the output voltage (Vo). Both controllers
followed the preset reference voltage. The online process gives
better results in the presence of disturbances. However, in the
offline process, where a constant value for z(k) is considered,
the system has a faster recovery.
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Fig. 9. Output voltage

In Fig. 10 is shown control signal u(k). It is possible to see
that for both control techniques the restriction was satisfied.
Although a slower response obtained with online. In the off-
line the overshoot is considerably reduced.
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In Fig. 11 the inductor current has a situation similar to the
output voltage. Scheme recovery of the system with offline
process is faster than the online. Even though all strategies
reach an instantaneous peak current of about 105A.
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Fig. 11. Inductor current (iL)

Figures 12, 13 and 14 show the simulation results re-
spectively y(k), u(k), and iL(k) without noise in the time
varying parameters. Considering the worst input situation,
when Pot = 1kW and Vg = 26V , input current should be
around 38.5A, as show in Fig. 14. But, with the presence of
noise in time-varying parameters, the inductor current present
so much ripple and is between 45A and 38.5A, as shown in
Fig. 11.

Moreover, when the input voltage is increased back to
36V at 0.1s the inductor current has a peak of 105A. This

will certainly be unfeasible in practice and may lead to
permanent damage to the converter. So, to avoid the saturation
is necessary to apply some technique known as anti-windup
[22].

Although the presence of noise in the time-varying parame-
ters causes a lot of ripple in the inductor current, the controller
achieved good results.
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Fig. 12. Output voltage without noise
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V. CONCLUSION

Results were presented between the iterative online and off-
line processes. Through the simulations, it was seen that the
off-line iterative process guarantees the same principles as the
robust asymptotic stability of the online process. And also
improves the response under time-varying disturbance. The
advantage of using the off-line process is that this method
does not require as much processing as the online method.
Thus, it can be easily applied to an experimental plant such as
the boost converter. In our future work, we intend to imposed
constraints to avoid the windup effect present in the converter.
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